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Extension of the Effective Medium Approximation
for Determination of the Permeability Tensor of
Unsaturated Polycrystalline Ferrites
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Abstract—This paper presents a physical model of the prop-  Over the years, various approaches have been tried to mea-
erties of polycrystalline ferrites below magnetic saturation, a sure and characterize the permeability tensor. Green and Sandy
common condition in many applications of ferrites in microwave [2], following experimental work, have developed empirical for-

devices. The properties are mainly characterized through the | lid in the | | . - M. wh
elements of the effective permeability tensor as functions of Mulas validin tne low-l0ss region(> wy = yi,M,, where

magnetization state, anisotropy field, and frequency. Partially 7 iS the gyromagnetic ratigy, is the permeability of free space,
magnetized states are characterized by a suitable distribution of andM, is the saturation magnetization) to characterize the per-

magnetic domains over orientations. The magnetic domain shapes meability tensor components as functions of parameters such
studied were cylinders and spheres. Homogeneity of the medium as M,, reduced magnetizatiom = M/M,, and frequency.
S - S .

is obtained in the effective medium approximation, which allows Existi dels f turated ferrites implv simolificati
us to treat heterogeneous magnetic materials as a function of the XISting models Tor unsaturated territes imply simplincations

volume fraction of nonmagnetic matter present in the material. €ither in the domain distribution—for example, choosing only
The model gives all the components of the permeability tensor in “up” and “down” domains [3]-[5]—or considering the domains
a single calculation phase. The paper presents results for different as independent [6] (interactions are neglected). Recently, our
partially magnetized states at remanence (with no external field \asearch group has developed a model taking interactions be-
applied) and compares them with empirical formulations of ; S A
permeability tensor components, in their domain of validity. t\Neeq .adjacent domains into aCCF’U“t and g'V'nQ al! the per-
meability tensor components for different magnetization states
[7]. However, this approach is not easy to extend toward the
description of heterogeneous magnetic material, which is our
final goal. Because of the complexity of the real medium, exact
I. INTRODUCTION calculations on complex magnetic-domain geometry become
CHuickly intractable. Consequently, a better description of in-

as circulators, latching phase shifters, and tunable yttriLﬁ%mal medium requires useful method of approximation for cal-

iron garnet filters. As computer-aided design plays an importaﬁ:\lflatIng permeability tensor.

role in the study of microwave devices, it is necessary to haveA usual scheme for estimating the effective properties of a

a characterization of the ferrite material that describes the pgfa_te.roge.neous medium is known as .the effective-medium ap-
tially magnetized state. proximation (EMA) [4], [8], [9]. EMA is often used to study

For technological reasons, ferrites are often used in polg]e effects of the dilution of an active material embedded in a

crystalline form, i.e., the direction of the crystal symmetry axi

varies randomly from point to point. In a partially magnetize

state, the magnetic domains may be oriented along the vari . : .
wing advantages over usual bulks ferrites: they are easier

easy axes of the grains that constitute the heterogene ; . T
to machine, do not require high temperatures for sintering, and

medium. It is quite difficult to analyze the microwave respon Q h saturati tizati b hed with tical
of partially magnetized ferrites, because the magnetic doma gh saturation magnetization can be reached with practical ap-
ications in microwave, under the condition of macroscopic in-

have neither a well-defined shape nor a well-defined mag S . . .
%glatlon in the case of ferromagnetic grains. Here we will apply

Index Terms—Anisotropic media, ferrimagnetic materials, fer-
rites, permeability.

ARTIALLY magnetized ferrites are used in devices su

ost matrix. Composite materials made of ferrimagnetic or fer-
magnetic grains embedded in a nonmagnetic host could also
studied using the same scheme. Those materials present the

tization direction. Furthermore, the response characterist EMA to the d ot ¢ blv of subreai
may change as a function of the dc magnetic field. Moreové 'e o the description of an assembly of subregions (mag-

the different domains interact dynamically. Interaction causgggc dc&malnts) W'th dd|ffttra]rently orlente;j permeabllt{ty .terllso.rs,
a behavior such as Polder—Smit resonances [1], which S0 d0 NOt CONSICET IN€ Presence of NonMagnetic INCIUSIons.

characterized by high losses over a range of frequencies. he. effective properﬂeg ofa heteroggn'eoys rnapenal depend on
the internal geometry, i.e., the domains’ distribution over space

and the domain shape, as well as the intrinsic properties of the
. . . . . components such ad or anisotropy fieldH,. For this reason,
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tained by a suitable distribution of the magnetic domain orienta- Oz
tion, representative of various remanent states on the hysteresis

loop.

Il. THEORY

v 0
A. Description of the Polycrystalline Medium
Partially magnetized ferrites can be characterized by an effec-
tive permeability tensor depending on local properties. The local n—01

susceptibility can be determined from the magnetic equation of
motion, knowing the direction of the local saturation magneti-

: | ifehity_ (i : ig. 1. Distribution of magnetic domains over directions given by (5),
zation. From the Landau-Lifshitz-Gilbert equation, the permEepresentative of isotropic polycrystalline ferrite. Blagk®) = sin 6; gray:

ability tensor for one domain is of the following form: £(8) = (sin#)/2; white: £(8) = 0.
po +ik 0
p=|-js w0 M 0z
0 0 1
with

W - (wo +JO&C¢)) / 7

=p = 2 v 0

and

Wi« W
k= brn 5 . — Iﬂ',/ _ jlﬂl” (3)
(wo + ]CYUJ) —w

whereq is the damping factoty, = vH,, andH, is the effec- Fig. 2. Distribution of magnetic domains over directions given by (7),
tive dc magnetic field strength in the direction of the local despresentative of uniaxial ferrimagnet. Up arrofv:= (1 + m)/2; down
magnetization (crystalline anisotropy). arrow: f = (1 —m)/2.
The microwave behavior of the bulk ferrite can generally be o o
characterized by an effective (sometimes also called global'§AUCed magnetization of the material is linked idy the for-
macroscopic) permeability tensor [10]. For a material magn&!'@ M - 1
tized in thez direction, the linear permeability takes the fol- m = i (cos @) = / f(6)cosBde = 5 sin?61.  (6)
0

lowing form: s : ) ) )
The distribution function f(8) in (5) is normalized:

Jy f(6)dd =1 and representative of different remanent
states of isotropic polycrystalline ferrites. Then, it applies only

0 0 He. for 0 < m < 0.5. For comparison, Bouchaud and Zerah [4],
The componentg., #., and.. depend on frequency as welli hejr model of a uniaxial ferrimagnet, used the following
as on the location on the hysteresis loop. One of the main dify,ction (Fig. 2):

ficulties is to link the permeability tensor to different magne- 1+m 1—-m

tization states from the knowledge of local properties. To pre- f(0) = 75(9) + 75(9 — ). (1)

dict the value of the macroscopic magnetization, the distributig ihe following, we will study cylindrical and spherical shapes.
of do'maln magnetization d|rectlons at eagh p.omt' of the h)@nce geometry, distribution [(5)], and intrinsic propertias,(
teresis loop must be established. Magnetization is essentiglly ) are fixed, we have to calculate the effective magnetic
achieved by a change in the direction of domain magnetizgroperties of such heterogeneous media. Many physical phe-

tion through mechanisms like rotation of the spins or domagymena in heterogeneous media can be described by an effec-
wall displacement under dc magnetic field. To carry out calCyye medium theory [8], [9].

lations, it was necessary to assume a simple domain distribution.
We consider a material that has randomly oriented axes of m&y- The Effective Medium Approximation (EMA)

netic anisotropy. In the demagnetized state, the material has it§q £\ Jinks the local characteristics to the effective ones,
domain magnetization isotropically distributed. In the case @iy, jnto accountinteractions in a suitable way. Schematically,
uniaxial magnetic anisotropy, the distribution functipf the ;s theory involves embedding heterogeneities, i.e., magnetic
magnetic domains over space is given by [11] domains in our case, in a self-consistently determined back-
f(6) =siné if 8 €[0,61] ground medium. We review the principal results of EMA in this

pe  t+ike O
/le = | —JkKe He 0 . (4)

—Lng ifoep,r—o1 section,
2 ’ Assume that a heterogeneous medium is characterized in each
=0 iffer—01x] (5) magnetic domains by a tensifr), which takes the form of (1).

whered is the deviation angle of magnetic domains frema Measurable properties are characterized by
axis, which is the direction of static magnetization (Fig. 1). The (b) = fre - (N} (8)



BARIOU et al. EFFECTIVE MEDIUM APPROXIMATION TO DETERMINE PERMEABILITY TENSOR 3887

where brackets indicate spatial averaging over orientation 14 —

Equation (8) defines the effective permeability tengoof the [[Schloemann | /
medium, which is independent of position and takes the forr ! ’
of (4). The magnetic field inside the medium is given by [8] 10 ‘ /'7, "
AR
by =hot [ Q) ) b6 @ |
s L —= i
whereh, is the externally applied fieldi(r) = ji(r) — ji., and . \ L@MESJ
the (3, v) components ofX(r, ') can be written as \_[Spheres ‘.\
2 —
Q= Gl =), (10) S —
’ or'y Or 0
' 0.1 1 10 100
The Green functior7 satisfies Frequency (GHz)
V(@ VGQ(r — )] == 60 — ') (11) @)

G(T — 7’/) =0ons$S (12) 14 T
wheresS is the surface of the sample. Equation (9), giving the 12 ?ﬁhIP?mann
magnetic field inside the medium, is approximately decouple 10 X 2
by considering one domain embedded in a homogeneous, pt ﬁ\/ Spheres
sibly anisotropic, effective medium. The EMA is then written . 8 \ _m
as follows, writingi(r) = fi; whenr is over theith domain: £ 6 \\\\\ =

~ 11 A 11

<[1 o i) 5,:Li> =0 (13) 4 A\
2 /] NN

with 62, = fi; — fie. The(3,~) components of the demagne- : _,/ N
A al . . 0 P e Pl
tizing tensorl”; are defined by o1 ) 10 100

Ffw _ _/ B Q, (14) Frequency (GHz)

‘/l

(b)
; . . .
whereV” refers to the volume of théh domain. As shown in Fig. 3. Comparison between the effective permeability of unmagnetized

Appendix |, it is possible to link; to the particle shape tensormaterial, given by Schloemann’s (17) and EMA for spherical and cylindrical
N domains. (a) Real part. and (b) imaginary pant.’.

1 N

th == T4V (15)  A. The Demagnetized State
} VHesd © Hey ) ' g

By ] ) In the demagnetized state, the domains are randomly ori-
where ;"' is the shape particle tensor component in thenteq, the effective medium is isotropic, and the effective per-
rescaled coordinate systg, X, Y, Z] given by meability tensor reduces to a scalar. In this case, (5) is used

x=_* y_Y F__Z (16) with 6; = 0. Schloemann [3], [10] and Bouchaud and Zerah [4]

Ve Vite Ve, have calculated the completely demagnetized state microwave

Equation (13) leads to three nonlinear equations that are notRgrmeability for an idealized domain model, made of “up” and
dependent. An optimization procedure is required to solve tf¢own” domains. The results obtained in [3] through exact cal-
problem. For the case in which the domains are infinite cylinde¢lations on a simple model and in [4] by using EMA are iden-
oriented along the axis, considered in (7) and [4], the rescalingical- The calculated permeability relatés , H,, andw through
does not change the particle shape and leads to simple andljg-+ and~ elements of the local permeability tensor. For the
ical formulations. In that case, the component corresponding@@mpletely demagnetized state, the random orientation of the
the ~-direction always equals unity, and so a distribution ovélomains is taken into account in an approximate fashion by

orientation of anisotropy axes need not be taken into accountaking the average of the diagonal elements of their permeability
tensor and gives

Ill. RESULTS

Sch __ 1+2\/ NQ_"EQ (17)

The results we present are obtained by solving (13), using (5) e =
for the averaging. Physical solutions are obtained by imposing
continuity on the whole spectrum, and the appropriate loss terjgscomparison, using (5) and (13), we get the following equa-
to be positive [see (23)]. We have studied two domain geomgyns to solve:
tries: cylinder and sphere, for different magnetization states be-
tweenm = 0 andm = 0.5. All the results have been obtained

3 2 2 2
; : Opre + (2p — 1) pg — |3 (07 — K7) + 2] e
with the following parameters: ( ) [ ( ) ]

w — (/JL2 — /iQ) =0 (18)

Wo
fm =57 =10GHz [, =52 =1GHz a=0.1 4 = e (12 = k) +2u] — (W2 = K2) = 0. (19)
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Fig. 4. Real and imaginary components of the effective permeability tensor versus frequemcydhres from 0to 0.5. (a)., (b) 7, (€) k., (d) &7, (€) 1. .,
and (fu’..

Equations (18) and (19) correspond to cylindrical and spher- T T A s 21

ical domains, respectively. In Fig. 3(a) and (b), the real and e = 4 (1)

imaginary parts ofu., as calculated from (18) and (19), argpile (17) reduces to

shown as functions of frequency, together with the results

derived from Schloemann’s theory [(17)]. We can notice Pt = 1 + 2#- (22)

that Polder—Smit-type domain resonance gives rise to a large ' 303

loss (roughly in the bandw,,w, + w,m], depending on Equations (17) and (22) neglect some magnetostatic interactions

values) whenw,,, /w is near unity or greater. The main effecin the averaging procedure. As a consequence, initial static per-

of changing the domain shape is to broaden the half-bandwidieabilities (linked to the gyromagnetic phenomenon only; dy-

spectrum when changing from cylinders to spheres. In spitergmic domain walls displacements are not considered) obtained

this, the permanence of losses upA4p+ w,, still remains. In  with (20) and (21) are always smaller than those obtained using

the static regiméx = 0), (18) and (19) can be solved (22), as can be seen in Fig. 3(a). It is interesting to note that
(20)—(22) agree fop, = 1. All of them predict that., varies

3u+ 1+ /92 + 260 + 1 linearly with i for ;o >> 1, but the asymptotic slopeg.. /du
10

cyl __
He =

(20)  are different (0.6, 0.5, and 0.66, respectively).
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Fig. 5. Comparison in a partial magnetization state = 0.2) of the loss Fig. 6. _Re_al and imaginary parts of the off-diagonal comporerih a partial
componentg: .+’ andu.— of the circularly polarized permeabilities. magnetization staten = 0.2).
. . 0

B. The Partially Magnetized State — X SIS

In Fig. 4(a)—(f), all the components of the permeability 9! "
tensor have been obtained for different magnetization state —— )/ }m=0.1‘
(fromm = 0t0 0.5 in steps of 0.1). These figures show how the ,'0'2 = _(EI
magnetic spectrum changes when the relative magnetizaticKe 03 / m=v.
is varied. For a fully magnetized material, the permeability is /

given by Polder’s tensor. Fig. 4(a) shows that theomponent 0.4 4 m=0.5

has more resonant character for a magnetized material,

would be expected. As noted in [3] and [4], an antiresonanc  -05

behavior is also found. It can be seen in Fig. 4(b), concernin 1 10

the loss component?, that losses extend up t@, + w,, for O/®p

all m values, but losses decrease in the high-frequency range

of the loss region (and so half-bandwidth is sharper) thﬁiz 7. Comparison between approximation idr given by (26) and EMA
. . L. cylindrical domains) for various magnetization states in the low-loss region.

m IS increasing. The most striking features comes from t ¢

off-diagonal component.. Indeed, negative values faf’ are 1
obtained on a wide-frequency band (roughly 3-11 GHz). Th AR
can be made clearer using the circularly polarized unit vector gg W

In this case, the permeability tensor is diagonalized as follow /'/
w00 Ve //
fie=| 0 pe— 0 23) HMe, — Spheres

0 0 e .
’ // / — Cylinders
wherepi+ = pe + ke andp.— = p. + . refer to positive and %92 . GS

negative circularly polarized fields, respectively. The physic:
requirement of a nonnegative energy loss in the ferrite leads

0.9 T T T \ \ \ \ T

1.5 2.5 35 45 0)/3)5 6.5 7.5 85 9.5
pre" > 0andp! > 0. (24) m
. .. . Fig. 8. Comparison between Green and Sandy’s empirical formula [GS; (27)]
From (24), it can be deduced that the only restriction 'mposﬁﬁii EMA for spherical and cylindrical domains fof component in partially
on sy is magnetized stat@n = 0.5).
1 1 . . .
|ke| < pc. (25)  In the high-frequency range, relations have been previously

P . y proposed between the complex tensor components and some
A consequence of,’s being negative is that.—" is greater ,,qnetic properties of the medium. Rado [6] proposed that the

thany..+" (see Figs. 5 and 6). This means that a magnetic field, part of the off-diagonal componeit be given by
rotating oppositely to the precession is absorbed more than a '
wrn

field rotating with the precession (positive field). This is a dif- K o= —m. (26)
ferent result from the completely magnetized state, where (as w

can be deduced from the Landau-Lifschitz equation of motiofihe larger deviation from theory &f. (Fig. 7) is in qualitative
which is usually assumed to be applied only to saturated medégreement with the greater departure from the approximation
ue+" is always greater thap.—". Those results have alreadyw > w,,. It has already been shown that this relationship is a
been measured in [12] using a cavity resonator method, outresonably good approximation fef as a function ofn. Green

the loss region. and Sandy have shown experimentally the dependengeanfd
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... for partially magnetized states fit to the following empiricalvherey,, is the permeability of vacuum. We have
equations:

V2V (r) =V -m(r). (A-5)
Jte =y + (1_ — i) - m®? (27)  Equation (A-5) can be formally solved
e, =) (28)
h Vir) :/ —Go(r,r YV () d>r
with v
=— [ m()V'Go(r,r)dr (A-6)
/21“1‘2 1_(wm) \s
Ho=37T3 w /- V2Go = — 6(r —1'). (A-7)

Good agreement can also be obtained with those empirical féye get the field inside the medium
mulations. A comparison is given in Fig. 8 between (27) and the

EMA with cylindrical and spherical domains for a magnetiza- h(r) =— / [m(T') - V’} VG, (r,r")d>

tion statem = 0.5. We can see that’, is weakly dependent on v

the magnetic domain shape and that comparison with empirical =— U Q, - d%’} m(r'y = —=Nm(r'). (A-8)
fit is very sharp. \4

Equation (A-8) allows definition of the shape tensor, in terms of

IV. CONCLUSION Green'’s function,, as
The model we propose allows the determination of all the N=1 a .2 (A-9)
components of the effective permeability tensor of polycrys- v
talline ferrite in a single phase. The use of an optimization pro- 0% — g 9d G ot A-10
cedure is required anyway, due to the self-consistency char- o T 8—3738—339 o(r =17 (A-10)

acter of the EMA. The model qualitatively accounts for many
of the phenomena observed in partially magnetized ferriteslais defined by
microwave frequencies. One can cite the onset of “low-field

loss” neaw = w,, +w, independently of the magnetic domain e = — / &Pz’ - Q7 (A-11)
shape, as well as the variation gf, and ./, in the demagne- ‘a 5

tized state, where the model agrees partly with Schloemann’s Qf” =— G (v~ x') (A-12)
formulation [10], the main difference coming from the static Gz Oz,

initial permeability. In the partially magnetized state, compaggith

isons have been made with empirical formulas in the low-loss . .

region. Good agreement between the calculated behavior and V- [/le VG (r — 7")} =—68(r—1") (A-13)
the empir?ce}l formulas was obtained. In the lossy regi'on, some Gi(r —+") =0 on . (A-14)
characteristics already measured on partially magnetized mate-

rials have been put forward—in particular, negative values bf anisotropic ferrimagnetic medium

. in a wide frequency region. The domain shape and orienta-

tion have been tackled with more flexibility than in the previous N tifie 0 ALS
models [3], [4], [10]. Results presented for uniaxial anisotropy He = _6“6 /66 01 (A-15)
fle.

can also be extended to cubic anisotropy, through suitable ex-
pression for the distribution functiofi [(5)]. The action of an Equation (A-13) is written as
external magnetizing static field has been studied. This paper

c_ioes not take. account of porosity or nonmagnetic volumg fraﬁuﬁ_2 + pe Gi(r—1)=—8(r—1).
tions. We believe that these topics can be addressed with the 9%

techniques described in this paper, and we intend to make them i i (A-16)
the subject of a future publication. In a rescaled coordinate systdin= (X, Y, ) defined by

82 2

o 152

T Y z

X=—" Y= Z = (A-17)
APPENDIX Ve Vite Ve
_The purpose of this Appendix is to link tensbrto tensor We get
N [13]. Inside the medium, the following equations have to be -2 92 92 1
satisfied: + + GH(R-R)=—-——"+-—
: axz " ayz T oazz| T fie  \/Fie,
b =po - [h + m] (A-l) X6 (R — R/) . (A—18)
YV Ah=0 (A-2) A solution is given by
h=-VV (A-3) 11

Vi G (RR) =~ L Al
Vb =0 (A-4) e e G BB = (A-19)
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