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for Determination of the Permeability Tensor of

Unsaturated Polycrystalline Ferrites
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Abstract—This paper presents a physical model of the prop-
erties of polycrystalline ferrites below magnetic saturation, a
common condition in many applications of ferrites in microwave
devices. The properties are mainly characterized through the
elements of the effective permeability tensor as functions of
magnetization state, anisotropy field, and frequency. Partially
magnetized states are characterized by a suitable distribution of
magnetic domains over orientations. The magnetic domain shapes
studied were cylinders and spheres. Homogeneity of the medium
is obtained in the effective medium approximation, which allows
us to treat heterogeneous magnetic materials as a function of the
volume fraction of nonmagnetic matter present in the material.
The model gives all the components of the permeability tensor in
a single calculation phase. The paper presents results for different
partially magnetized states at remanence (with no external field
applied) and compares them with empirical formulations of
permeability tensor components, in their domain of validity.

Index Terms—Anisotropic media, ferrimagnetic materials, fer-
rites, permeability.

I. INTRODUCTION

PARTIALLY magnetized ferrites are used in devices such
as circulators, latching phase shifters, and tunable yttrium

iron garnet filters. As computer-aided design plays an important
role in the study of microwave devices, it is necessary to have
a characterization of the ferrite material that describes the par-
tially magnetized state.

For technological reasons, ferrites are often used in poly-
crystalline form, i.e., the direction of the crystal symmetry axis
varies randomly from point to point. In a partially magnetized
state, the magnetic domains may be oriented along the various
easy axes of the grains that constitute the heterogeneous
medium. It is quite difficult to analyze the microwave response
of partially magnetized ferrites, because the magnetic domains
have neither a well-defined shape nor a well-defined magne-
tization direction. Furthermore, the response characteristics
may change as a function of the dc magnetic field. Moreover,
the different domains interact dynamically. Interaction causes
a behavior such as Polder–Smit resonances [1], which are
characterized by high losses over a range of frequencies.
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Over the years, various approaches have been tried to mea-
sure and characterize the permeability tensor. Green and Sandy
[2], following experimental work, have developed empirical for-
mulas valid in the low-loss region ( , where

is the gyromagnetic ratio, is the permeability of free space,
and is the saturation magnetization) to characterize the per-
meability tensor components as functions of parameters such
as , reduced magnetization , and frequency.
Existing models for unsaturated ferrites imply simplifications
either in the domain distribution—for example, choosing only
“up” and “down” domains [3]–[5]—or considering the domains
as independent [6] (interactions are neglected). Recently, our
research group has developed a model taking interactions be-
tween adjacent domains into account and giving all the per-
meability tensor components for different magnetization states
[7]. However, this approach is not easy to extend toward the
description of heterogeneous magnetic material, which is our
final goal. Because of the complexity of the real medium, exact
calculations on complex magnetic-domain geometry become
quickly intractable. Consequently, a better description of in-
ternal medium requires useful method of approximation for cal-
culating permeability tensor.

A usual scheme for estimating the effective properties of a
heterogeneous medium is known as the effective-medium ap-
proximation (EMA) [4], [8], [9]. EMA is often used to study
the effects of the dilution of an active material embedded in a
host matrix. Composite materials made of ferrimagnetic or fer-
romagnetic grains embedded in a nonmagnetic host could also
be studied using the same scheme. Those materials present the
following advantages over usual bulks ferrites: they are easier
to machine, do not require high temperatures for sintering, and
high saturation magnetization can be reached with practical ap-
plications in microwave, under the condition of macroscopic in-
sulation in the case of ferromagnetic grains. Here we will apply
the EMA to the description of an assembly of subregions (mag-
netic domains) with differently oriented permeability tensors,
and so do not consider the presence of nonmagnetic inclusions.
The effective properties of a heterogeneous material depend on
the internal geometry, i.e., the domains’ distribution over space
and the domain shape, as well as the intrinsic properties of the
components such as or anisotropy field . For this reason,
we will discuss within the EMA an idealized domain model, but
not limited to up and down domains as the previous ones [10].
We provide results for domains that are spherical and cylindrical
in shape and perform the calculations for demagnetized and par-
tially magnetized media. Magnetization of the medium is ob-
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tained by a suitable distribution of the magnetic domain orienta-
tion, representative of various remanent states on the hysteresis
loop.

II. THEORY

A. Description of the Polycrystalline Medium

Partially magnetized ferrites can be characterized by an effec-
tive permeability tensor depending on local properties. The local
susceptibility can be determined from the magnetic equation of
motion, knowing the direction of the local saturation magneti-
zation. From the Landau–Lifshitz–Gilbert equation, the perme-
ability tensor for one domain is of the following form:

(1)

with

(2)

and

(3)

where is the damping factor, , and is the effec-
tive dc magnetic field strength in the direction of the local dc
magnetization (crystalline anisotropy).

The microwave behavior of the bulk ferrite can generally be
characterized by an effective (sometimes also called global or
macroscopic) permeability tensor [10]. For a material magne-
tized in the direction, the linear permeability takes the fol-
lowing form:

(4)

The components , , and depend on frequency as well
as on the location on the hysteresis loop. One of the main dif-
ficulties is to link the permeability tensor to different magne-
tization states from the knowledge of local properties. To pre-
dict the value of the macroscopic magnetization, the distribution
of domain magnetization directions at each point of the hys-
teresis loop must be established. Magnetization is essentially
achieved by a change in the direction of domain magnetiza-
tion through mechanisms like rotation of the spins or domain
wall displacement under dc magnetic field. To carry out calcu-
lations, it was necessary to assume a simple domain distribution.
We consider a material that has randomly oriented axes of mag-
netic anisotropy. In the demagnetized state, the material has its
domain magnetization isotropically distributed. In the case of
uniaxial magnetic anisotropy, the distribution functionof the
magnetic domains over space is given by [11]

if

if

if (5)

where is the deviation angle of magnetic domains from
axis, which is the direction of static magnetization (Fig. 1). The

Fig. 1. Distribution of magnetic domains over directions given by (5),
representative of isotropic polycrystalline ferrite. Black:f(�) = sin �; gray:
f(�) = (sin �)=2; white: f(�) = 0.

Fig. 2. Distribution of magnetic domains over directions given by (7),
representative of uniaxial ferrimagnet. Up arrow:f = (1 + m)=2; down
arrow:f = (1 �m)=2.

reduced magnetization of the material is linked toby the for-
mula

(6)

The distribution function in (5) is normalized:
and representative of different remanent

states of isotropic polycrystalline ferrites. Then, it applies only
for . For comparison, Bouchaud and Zerah [4],
in their model of a uniaxial ferrimagnet, used the following
function (Fig. 2):

(7)

In the following, we will study cylindrical and spherical shapes.
Once geometry, distribution [(5)], and intrinsic properties (,

, ) are fixed, we have to calculate the effective magnetic
properties of such heterogeneous media. Many physical phe-
nomena in heterogeneous media can be described by an effec-
tive medium theory [8], [9].

B. The Effective Medium Approximation (EMA)

The EMA links the local characteristics to the effective ones,
taking into account interactions in a suitable way. Schematically,
this theory involves embedding heterogeneities, i.e., magnetic
domains in our case, in a self-consistently determined back-
ground medium. We review the principal results of EMA in this
section.

Assume that a heterogeneous medium is characterized in each
magnetic domains by a tensor , which takes the form of (1).
Measurable properties are characterized by

(8)
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where brackets indicate spatial averaging over orientations.
Equation (8) defines the effective permeability tensorof the
medium, which is independent of position and takes the form
of (4). The magnetic field inside the medium is given by [8]

(9)

where is the externally applied field, , and
the components of can be written as

(10)

The Green function satisfies

(11)

on (12)

where is the surface of the sample. Equation (9), giving the
magnetic field inside the medium, is approximately decoupled
by considering one domain embedded in a homogeneous, pos-
sibly anisotropic, effective medium. The EMA is then written
as follows, writing when is over the th domain:

(13)

with . The components of the demagne-
tizing tensor are defined by

(14)

where refers to the volume of theth domain. As shown in
Appendix I, it is possible to link to the particle shape tensor

(15)

where is the shape particle tensor component in the
rescaled coordinate system given by

(16)

Equation (13) leads to three nonlinear equations that are not in-
dependent. An optimization procedure is required to solve the
problem. For the case in which the domains are infinite cylinders
oriented along the axis, considered in (7) and [4], the rescaling
does not change the particle shape and leads to simple analyt-
ical formulations. In that case, the component corresponding to
the -direction always equals unity, and so a distribution over
orientation of anisotropy axes need not be taken into account.

III. RESULTS

The results we present are obtained by solving (13), using (5)
for the averaging. Physical solutions are obtained by imposing
continuity on the whole spectrum, and the appropriate loss terms
to be positive [see (23)]. We have studied two domain geome-
tries: cylinder and sphere, for different magnetization states be-
tween and . All the results have been obtained
with the following parameters:

GHz GHz

(a)

(b)

Fig. 3. Comparison between the effective permeability of unmagnetized
material, given by Schloemann’s (17) and EMA for spherical and cylindrical
domains. (a) Real part� and (b) imaginary part� .

A. The Demagnetized State

In the demagnetized state, the domains are randomly ori-
ented, the effective medium is isotropic, and the effective per-
meability tensor reduces to a scalar. In this case, (5) is used
with . Schloemann [3], [10] and Bouchaud and Zerah [4]
have calculated the completely demagnetized state microwave
permeability for an idealized domain model, made of “up” and
“down” domains. The results obtained in [3] through exact cal-
culations on a simple model and in [4] by using EMA are iden-
tical. The calculated permeability relates , , and through
the and elements of the local permeability tensor. For the
completely demagnetized state, the random orientation of the
domains is taken into account in an approximate fashion by
taking the average of the diagonal elements of their permeability
tensor and gives

(17)

In comparison, using (5) and (13), we get the following equa-
tions to solve:

(18)

(19)
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(a) (b)

(c) (d)

(e) (f)

Fig. 4. Real and imaginary components of the effective permeability tensor versus frequency form values from 0 to 0.5. (a)� , (b)� , (c)� , (d)� , (e)� ,
and (f)� .

Equations (18) and (19) correspond to cylindrical and spher-
ical domains, respectively. In Fig. 3(a) and (b), the real and
imaginary parts of , as calculated from (18) and (19), are
shown as functions of frequency, together with the results
derived from Schloemann’s theory [(17)]. We can notice
that Polder–Smit-type domain resonance gives rise to a large
loss (roughly in the band , depending on
values) when is near unity or greater. The main effect
of changing the domain shape is to broaden the half-bandwidth
spectrum when changing from cylinders to spheres. In spite of
this, the permanence of losses up to still remains. In
the static regime , (18) and (19) can be solved

(20)

(21)

while (17) reduces to

(22)

Equations (17) and (22) neglect some magnetostatic interactions
in the averaging procedure. As a consequence, initial static per-
meabilities (linked to the gyromagnetic phenomenon only; dy-
namic domain walls displacements are not considered) obtained
with (20) and (21) are always smaller than those obtained using
(22), as can be seen in Fig. 3(a). It is interesting to note that
(20)–(22) agree for . All of them predict that varies
linearly with for , but the asymptotic slopes
are different (0.6, 0.5, and 0.66, respectively).
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Fig. 5. Comparison in a partial magnetization state(m = 0:2) of the loss
components� + and� � of the circularly polarized permeabilities.

B. The Partially Magnetized State

In Fig. 4(a)–(f), all the components of the permeability
tensor have been obtained for different magnetization states
(from to in steps of 0.1). These figures show how the
magnetic spectrum changes when the relative magnetization
is varied. For a fully magnetized material, the permeability is
given by Polder’s tensor. Fig. 4(a) shows that thecomponent
has more resonant character for a magnetized material, as
would be expected. As noted in [3] and [4], an antiresonance
behavior is also found. It can be seen in Fig. 4(b), concerning
the loss component , that losses extend up to for
all values, but losses decrease in the high-frequency range
of the loss region (and so half-bandwidth is sharper) when

is increasing. The most striking features comes from the
off-diagonal component . Indeed, negative values for are
obtained on a wide-frequency band (roughly 3–11 GHz). This
can be made clearer using the circularly polarized unit vectors.
In this case, the permeability tensor is diagonalized as follows:

(23)

where and refer to positive and
negative circularly polarized fields, respectively. The physical
requirement of a nonnegative energy loss in the ferrite leads to

and (24)

From (24), it can be deduced that the only restriction imposed
on is

(25)

A consequence of ’s being negative is that is greater
than (see Figs. 5 and 6). This means that a magnetic field
rotating oppositely to the precession is absorbed more than a
field rotating with the precession (positive field). This is a dif-
ferent result from the completely magnetized state, where (as
can be deduced from the Landau–Lifschitz equation of motion,
which is usually assumed to be applied only to saturated media)

is always greater than . Those results have already
been measured in [12] using a cavity resonator method, out of
the loss region.

Fig. 6. Real and imaginary parts of the off-diagonal component� in a partial
magnetization state(m = 0:2).

Fig. 7. Comparison between approximation for� given by (26) and EMA
(cylindrical domains) for various magnetization states in the low-loss region.

Fig. 8. Comparison between Green and Sandy’s empirical formula [GS; (27)]
and EMA for spherical and cylindrical domains for� component in partially
magnetized state(m = 0:5).

In the high-frequency range, relations have been previously
proposed between the complex tensor components and some
magnetic properties of the medium. Rado [6] proposed that the
real part of the off-diagonal component be given by

(26)

The larger deviation from theory of (Fig. 7) is in qualitative
agreement with the greater departure from the approximation

. It has already been shown that this relationship is a
reasonably good approximation for as a function of . Green
and Sandy have shown experimentally the dependence ofand
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for partially magnetized states fit to the following empirical
equations:

(27)

(28)

with

Good agreement can also be obtained with those empirical for-
mulations. A comparison is given in Fig. 8 between (27) and the
EMA with cylindrical and spherical domains for a magnetiza-
tion state . We can see that is weakly dependent on
the magnetic domain shape and that comparison with empirical
fit is very sharp.

IV. CONCLUSION

The model we propose allows the determination of all the
components of the effective permeability tensor of polycrys-
talline ferrite in a single phase. The use of an optimization pro-
cedure is required anyway, due to the self-consistency char-
acter of the EMA. The model qualitatively accounts for many
of the phenomena observed in partially magnetized ferrites at
microwave frequencies. One can cite the onset of “low-field
loss” near independently of the magnetic domain
shape, as well as the variation of and in the demagne-
tized state, where the model agrees partly with Schloemann’s
formulation [10], the main difference coming from the static
initial permeability. In the partially magnetized state, compar-
isons have been made with empirical formulas in the low-loss
region. Good agreement between the calculated behavior and
the empirical formulas was obtained. In the lossy region, some
characteristics already measured on partially magnetized mate-
rials have been put forward—in particular, negative values of

in a wide frequency region. The domain shape and orienta-
tion have been tackled with more flexibility than in the previous
models [3], [4], [10]. Results presented for uniaxial anisotropy
can also be extended to cubic anisotropy, through suitable ex-
pression for the distribution function [(5)]. The action of an
external magnetizing static field has been studied. This paper
does not take account of porosity or nonmagnetic volume frac-
tions. We believe that these topics can be addressed with the
techniques described in this paper, and we intend to make them
the subject of a future publication.

APPENDIX

The purpose of this Appendix is to link tensorto tensor
[13]. Inside the medium, the following equations have to be

satisfied:

(A-1)

(A-2)

(A-3)

(A-4)

where is the permeability of vacuum. We have

(A-5)

Equation (A-5) can be formally solved

(A-6)

(A-7)

We get the field inside the medium

(A-8)

Equation (A-8) allows definition of the shape tensor, in terms of
Green’s function , as

(A-9)

(A-10)

is defined by

(A-11)

(A-12)

with

(A-13)

on (A-14 )

In anisotropic ferrimagnetic medium

(A-15)

Equation (A-13) is written as

(A-16)
In a rescaled coordinate system defined by

(A-17)

we get

(A-18)

A solution is given by

(A-19)
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i.e.,

(A-20)

Using (A-20), and comparing (A-9) and (A-11), we have

(A-21)

where is calculated in the rescaled coordinate system. In the
isotropic case, (A-21) reduces to

(A-22)
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